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Abstract 

The electric and the magnetic part of the Weyl tensor, as well as the 
invariants obtained from them, are calculated for the Bondi vacuum 
metric. One of the invariants vanishes identically and the other only 
exhibits contributions from terms of the Weyl tensor containing the 
static part of the field. It is shown that the necessary and sufficient 
condition for the spacetime to be purely electric is that such spacetime 
be static. It is also shown that the vanishing of the electric part implies 
Minkowski spacetime. Unlike the electric part, the magnetic part does 
not contain contributions from the static field. Finally a speculation 
about the link between the vorticity of world lines of observers at rest 
in a Bondi frame, and gravitational radiation, is presented. 
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1 Introduction 



The study of the electric E a p and magnetic H a p parts of Weyl tensor has 
atracted the attention of researchers for many years (see [1]— [19] and refer- 
ences therein). 

Particularly intriguing is the eventual relationship of the magnetic part 
of the Weyl tensor, with rotation [2, 9] and with gravitational radiation 
[1, 5, 8, 10, 11, 12]. 

On the other hand, the link has been established between gravitational 
radiation and vorticity of world-lines of observers at rest in a Bondi space- 
time [20, 21]. Specifically, it has been shown that the leading term in the 
vorticity (in an expansion of powers of 1/r) is expressed through the news 
function in such a way that it will vanish if and only if there is no news (no 
radiation). This suggests the possibility of detecting gravitational waves by 
means of gyroscopes [20, 22]. 

In order to delve deeper into these issues, we shall calculate in this work 
the electric and the magnetic part of the Weyl tensor, as well as the two 
invariants obtained from them, in the field of gravitational radiation. 

From the obtained expressions, it follows that the vanishing of the mag- 
netic part, implies the vanishing of the news function and also the vanishing 
of non-radiative but time dependent field, except for a very peculiar class 
of solutions, called by Bondi "non-natural, non-radiative moving systems" . 
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This result, together with the known fact [6] that static Weyl metrics are 
purely electric, implies, if we exclude by physical reasons the class of so- 
lutions mentioned before, that the necessary and sufficient condition for a 
Bondi spacetime to be purely electric is that such space-time be static. 

The vanishing of the electric part of the Weyl tensor is shown to imply 
that the spacetime is Minkowski. Thus there is no purely magnetic vacuum 
Bondi space-times, in agreement with the conjecture that purely magnetic 
vacuum space-times do no exist [6, 7, 9, 18, 19]. 

It is also obtained that one of the invariants (Q = E a,3 H a p) vanishes 
identically whereas the other (L = E a ^E a/3 — H af3 H al3 ) has a leading term 
with contributions only from the coefficients in the expansion of the Weyl 
tensor which contain the static part of the field. Coefficients containing 
purely radiative and/or non-radiative but time dependent part of the field, 
do not enter in L. 

Finally, we shall speculate that the fact that gravitational radiation pro- 
duces vorticity of a time-like congruence, might be explained by a mechanism 
similar to the one suggested to explain the vorticity of a time-like congruence 
in the field of a charged static magnetic dipole [23]. 

We shall carry out our calculations using the Bondi's formalism [24] which 
has, among other things, the virtue of providing a clear and precise criterion 
for the existence of gravitational radiation (see also [25]). Namely, if the 
news function is zero over a time interval, then there is no radiation during 
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that interval. 

The formalism has as its main drawback [26] the fact that it is based on a 
series expansion which could not give closed solutions and which raises unan- 
swered questions about convergence and appropriateness of the expansion. 

However we shall restrain ourselves to a region sufficiently far from the 
source, so that we shall need in our calculations only the leading terms in 
the expansion of metric functions. Furthermore, since the source is assumed 
to radiate during a finite interval, then no problem of convergence appears 



A brief resume of Bondi's formalism is given in the next section, together 
with the expression of the vorticity of a time-like congruence of observers at 
rest in a Bondi frame. In section 3 we present the result of the calculations 
of the electric and a magnetic part as well as the invariants Q and L, and in 
the last section results are discussed. 

2 The Bondi's formalism 

The general form of an axially and reflection symmetric asymptotically flat 
metric given by Bondi is [24] 



[27]. 




+ 2Ur 2 -e^dudO - r 2 (e^dO 2 + e" 27 sin 2 6d<p 2 ) 



(1) 
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where V, f3, U and 7 are functions of u, r and 9. 

We number the coordinates x ' 1,2 ' 3 = u, r, 9, <p respectively, u is a timelike 
coordinate such that u = constant defines a null surface. In flat spacetime 
this surface coincides with the null light cone open to the future, r is a null 
coordinate (g rr = 0) and 9 and are two angle coordinates (see [24] for 
details). 

Regularity conditions in the neighborhood of the polar axis (sin6> = 0), 
imply that as sin 9— > 

V, sin #,7/ sin 2 # (2) 

each equals a function of cos 9 regular on the polar axis. 

The four metric functions are assumed to be expanded in series of 1/r, 
then using the field equations Bondi gets 

1 = cr- l + (C -^r-z + ... (3) 
£/ = -(c e + 2ccot#)r~ 2 + \2N + 3cc e + Ac 2 cot9] r~ 3 ... (4) 

V = r-2M 

- (N g + iV cot 9 - c 2 , - Acc e cot 9 - ^c 2 (1 + 8 cot 2 r" 1 + ... (5) 

P = - l -c 2 r~ 2 + ... (6) 

where c, C, iV and M are functions of u and 9, letters as subscripts denote 
derivatives, and 
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AC U = 2c 2 c u + 2cM + TV cot 9 - N e (7) 

The three functions c, M and N are further related by the supplementary 
conditions 

M u = -<? u + \ (c 0e + 3c e cot 9 - 2c) u (8) 

-3N U = M e + 3cc ue + 4cc u cot 9 + c u c e (9) 

In the static case M equals the mass of the system whereas N and C are 
closely related to the dipole and quadrupole moment respectively. 
Next, Bondi defines the mass m(u) of the system as 



m{u) o 



- f W M sin 9d9 (10) 
2 Jo 

which by virtue of (8) and (2) yields 

m u = -\ f c 2 u sin9d9 (11) 
2 Jo 

Let us now recall the main conclusions emerging from Bondi's approach. 

1. If 7, M and N are known for some u = a(constant) and c u (the news 
function) is known for all u in the interval a < u < b, then the system is 
fully determined in that interval. In other words, whatever happens at 
the source, leading to changes in the field, it can only do so by affecting 
c u and viceversa. In the light of this comment the relationship between 
news function and the occurrence of radiation becomes clear. 



2. As it follows from (11), the mass of a system is constant if and only if 
there are no news. 

Now, for an observer at rest in the frame of (1), the four- velocity vector 
has components 



u" 



1 



-,0,0,0 



with 



/V x 1 / 2 
A = -e 2 ? - U 2 r 2 e 2 ~< 



(12) 



(13) 



Then, it can be shown that for such an observer the vorticity vector may 
be written as (see [20] for details) 

/*= (0,0,0, a/) (14) 



UJ 



with 



-2(3 



0J H 



2r 2 sin6> 



2/W 3 - ——7— - (Ur 2 e 2 A 
A v ' 1 



A "' ' A 2 

and for the absolute value of u a we get 

-2/3-7 



-UJ a U 



.1/2 



2r 



A 2 



2(3 e e 2 ? - 2e 2 ^ - (Ur 2 e 2 ^) 



(15) 



+ 2Ur 2 e 2 ^ + e -(Ur 2 e 2 ^ u -2p u e -Ur 2 e 
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(16) 



Feeding back (3-6) into (16) and keeping only the two leading terms, we 
obtain 
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n = 



2r 



[c ud + 2c u cot 9) 



+\ [M e - M(c ue + 2c u cot 9) - cc ud + 6cc u cot 9 + 2c u c e ] (17) 



Therefore, up to order 1/r, a gyroscope at rest in (1) will precess as long 
as the system radiates (c u ^ 0). Observe that if 



then 



which implies 



c ud + 2c u cot 9 = (18) 



^ (19) 
sin 2 £ 1 yj 



F(u) = =>• c M = (20) 

in order to insure regularity conditions, mentioned above, in the neighbour- 
hood of the polar axis (sin# = 0) . Thus the leading term in (17) will vanish 
if and only if c u = 0. 

The order 1/r 2 contains, beside the terms involving c u , a term not involv- 
ing news, namely M e . This last term represents the class of non-radiative 
motions discussed by Bondi [24] and may be thought of as corresponding to 
the tail of the wave, appearing after the radiation process [26]. 

Let us now assume that initially (before some u = u Q =constant) the 
system is static, in which case 

N u = c u = (21) 

which implies, because of (9), 

M e = (22) 
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and Q = (actually, in this case Q = at any order) as expected for a static 
field ( for the electrovacuum case however, this may change [23]). Then let 
us suppose that at u — uq the system starts to radiate (c u ^ 0) until u — Uf, 
when the news vanish again. For u > Uf the system is not radiating although 
(in general) Mg ^ implying (see for example (9)) time dependence of metric 
functions (non-radiative motions [24]). 

For u > Uf there is a vorticity term of order 1/r 2 describing the effect 
of the tail of the wave. This in turn provides "observational" evidence for 
the violation of the Huygens's principle, a problem largely discussed in the 
literature (see for example [24, 26], and references therein). 

3 The electric and magnetic parts of Weyl 
tensor 

The electric and magnetic parts of Weyl tensor, E af3 and H a/3 , respectively, 
are formed from the Weyl tensor C a ^s and its dual C a p y s by contraction 
with the four velocity vector given by (12) [28]: 

E a/ 3 = C^su^u 5 (23) 

H a j3 = Ca^pgU^U 5 = -^t a ^C e& p p U f U p ', 6^5 = y/^ g 7]^^ (24) 

where r] al 3 y s = +1 for a,/3, 7, 5 in even order, —1 for a, /3, 7, 5 in odd order 
and otherwise. Also note that 
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c 2 

-g = r 2 sin8e 213 xs r 2 sin#exp (-— ) « r 2 sin9 + 0(1) 



2r 

Since the obtained expressions are fairly long, in order to check our results 
we have calculated the magnetic and electric parts in two different ways and 
then compared results, excluding thereby any possible error. On the one 
hand we have calculated with Maple the components of Weyl tensor and 
from them, "by hand" its electric and magnetic part from (23) and (24). We 
do not include here the detailed expressions of Weyl components, but they 
are available upon request. The only non-vanishing components of Weyl 
tensor are 

CoiOl) C0102, 0*0112, 0*0202! O0212, O0303 
Oo313 ; Oo323) O1212, O1313, O1323, 02323- 

However they are not independent, since the following relations between them 
exist: 

r 4 sin 2 6 

O'ioio = 

r 2 sin 2 6 



( 2 ; C1010 = e 2 \V - r 4 e 2 ^ 2/3 )0 13 i3 - 2r 2 e^O 03 i3, (25) 



e 2 7 

2r 2 sin 2 9 



O0112 = e^Oi 323 - r 2 e^Oi3i 3 , (26) 
: O0212 = e 2/3 232 3 - r e 2 ^0 13 i3, (27) 
sin 2 ^O m2 = -e 47 13 i3. (28) 

On the other hand, we have calculated the magnetic and electric part 
using GRTensor. 
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Thus, one has for the components of the magnetic Weyl tensor, up to the 
order 1/r 3 : 



ttO rrO ttO Tjl tjI tjI tt2 tt2 tt2 tt3 tt3 ri /nn\ 



{2c u cos 9 + cou sin 9) 



+— \ 4c u (c- M) cos 9 + 



3 7 

-(N u + M e + c u c e ) + -cceu ~ 2Mc 6u 



sin 9 



+ 1 
+ 



N 
sin 9 



(1 + 2c u ) + 



8Mc u (c — M) + N e (l - 2c u ) + -c 2 c u - Nc 9u -P u - AMc 



cos 9 



2(N - Mc e ) - c 6u (7Mc - AM 2 - N e - \c 2 ) + 3M(N U + M e ) - l -P eu 



-3cM e + N ee + c u (8N + 3Mc + -cc e ) 



sinflj, (30) 



jji 1,, . v . Q . , , fll . 1 \Acc u cos9 2c u cg-cc e% 
H 3 = ~ [{CeCuu + c du ) smf + 2(cc uu + c u ) cosfljH — - { — h 



sin 2 # 



sin# 



+ 



1 5 3 

-^ceceeu + (2M - 3c)c e c uu - - {cc 0u + c u c ) - 2Nc uu - -(N u + M e ) 



sin 9 



+ 



-Qcc u + Ac(M - c)c uu - -cgc 8u - cc e6u 



cos 9 



1 (SccjM - c) cos 9 1 r ,,,, , 

+^ — - 2fl + — a [c u ce 4M - 3c + iV - 2ciV u + 2iVcc UM + 

H sin sin 9 



+cc du (7c - 2M) - Ac u N - cM e ] + 



- Nee - 2N + AcM e - Ac u N + 2cN u 



9 1 1 

+c u c e (--c — M + cc u + -c^) + c«(2M - cM u + P MU + N 9u + -M w ) 
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+ce„(-— c 2 + 2c 2 , + 2Mc) + c eeu (N + 3cc e - Mc e ) 



+c e c uu {-6Mc + -c 2 + N e + AM 2 ) - 2Nc uu {c + 2M) 



sin 8 



+ 



1 3 3 

2c(2M + N du + P uu - cM u + -M ee ) + c u (-2Mc - -c 2 + 2c 2 c u + -c 2 + cc ee ) 



+ceu(N - Mc e + 8cc ) + c UM (c 3 + 2cN e + Nc - 8Mc 2 + 8M 2 c) 



+cc eeu (5c - 2M) - c e (-M e + N u ) + P u -N e 



cosflj, (31) 



tf, 2 



i r 2c 



i 



sin #c MU ) + — <^ — -— - -c Qu cos 8 + 



r 2 lsin6> 2 



2c MU (M -c)-c u - -c 69h 



sin^ 



1 f M-c 
+ - 4c n — — + 
r" 3 I suit/ 



3 1 7 

-c u c - N u - -M e + Nc uu + (-c - M)c 0?J 



cos#+ 



h -c - M)c e ou + {^cee - M)c u + 2c e c e „ + c MU (2c 2 + 4M 2 - 4Mc + iV e ) + 



-M ee - cM u + Neu + Puu + cc 2 u 



sin 8 



}• 



(32) 



1 2c u cos 8 + c<2 U sin 



sin 2 # 



(33) 



rr3 1 C ™ , ' 
-"2 = : — « "I o~- — n 

r sin 8 r l sin 



11 c u ' 

2c uu {c + M)-c u - -ceeu - - cot 8c du + 2—^- 
Z Z sin c/_ 



r 3 sin 



' + cot 8 



sin 1 8 



-7V U + Nc uu - ^c u c e - (-c + M)c 0u - 



+c„„(iV e + 4Mc + 4M 2 + 2c 2 ) + cc 2 + (^c ee - M)c u + (^c - M)c eBu 
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+P UU + X -M Be + c e c du - cM u + N e Jf . 
Regarding the electric part, one gets, up to the order 1/r 



(34) 



E o = E 3 = E o = E l = E o = E i = E o = E i = E l = ( 35 ) 
El = 2(CC ;+ M) , (36) 



e: 



2c u cos 9 + cqu sin 6* 



r sin # 



+ .\ ; {8Mc u cos# + [c e „(4M - 3c) - 3{M e + c M c e + N u )} sin6} 
2 sm9r z 

((1 + 2c u ) -^L + C ot [4 (iVc e „ + P u - iV e ) + c u (32M 2 + 8iV, - 42c 2 ) 
4r 6 I sin 9 L v 7 

+4 (TV - 3ciV u - A^) - Y2M (M e + N u ) + c 6u (4N e + 16M 2 - 13c 2 - 12Mc) 

-c u (30cc e + \2Mc + 32iV) + 2P 0U J , (37) 

! _ 2cc u (l + cos 2 #) + (c C6) u + 2M) sin 2 9 + 2 sin 9 cos #(c u C6i + cc^) 
1 ~ ^hi 2 ! ' 

(38) 



2{cc uu + c u ) cos 9 + (cgc„ M + c e ») sin 9 
rsin# 



+ ^ | 3(iV M + M e ) + c MU (2cc e - AMc e + 47V) + 5c e c M + c e c eeu + cc e „ 

2 8 I 

+ cot 9 [2c(c e eu + 2c u - 4Mc MU ) + c e c eu ] + -t-^tt (cc 0u - 2c c u ) r^cc u cos 9 \ 

sin 6* sin' 6> J 

-- ^ 1 8cc u (M - c)-^|^ + -^2- f(4M - 7c)c u c e - 4c u iV + 2iVcc UM + (c 2 - 2Mc)c 9u 
~ d sin 6* sin 6* 
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+N - c(M e + 2N U ) 



+ cot 9 



1 15 

c«(~2 C e - 2M c + cc ee + 2c 2 c u - yc 2 ) + 

1 



ce ( c uu N + (3c - M)c 0u — N u — ^M e j + cc uu {8M 2 - 3c 2 + 2N e ) + cc e , u (3c - 2M) 

+ C(?u iV + cM M + P u - N e + 2c(P uu + N 9u — M — cM u 
7 



+c v 



c e {- L c 2 + N e - 2Mc + AM 2 ) - 6Nc - AMN 
15 



1 9 
ce(^c ee - -c - M + cc u ) 



+c eu (c 2 g +2Mc-—c 2 )+ceeu(N-Mce+2cce)+ce(-Mge-M+Neu+Puu-M u c) 



-N ee + -Pen - cN u + N + cM e j , 



(39) 



2 2c u cos 9 + ce„ sin 9 



r 3 sin # 



(40) 



C U u 1 / 

^2 = — — + 77^ c ee« - 4Mc UM + 2c u + cot 9c 9u 
r 2r z V 



4c„ 
sin 2 # 



+c u 



+ cot6> 
4(c-M) 



Mc 6u + ^M e + N u - ^cc du + ^c e c u - Nc v 



1 



sin 2 # 



+ M — c — cc u ( 



c uu {AM 2 + N ) - cec 6u + c ee „(M - -c) J , 

(41) 



^3 



2r 2 



9u - 4Mc uu + 2c u + cot 6>c, 



(9u 



4c M 
sin 2 # 



+ ^ f M + iV e „ + P UM + ^M e0 - cM u 



+ cot9 



5 1 3 

-cc 9u - -M e - N u + Nc uu - Mc 6u + -c u c e 
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+c u + cc u - M + \c ee - c + c uu (AM 2 + N g ) + 2c e c eu + (^c - M)c 0eu l , 

.sin t) Z J z J 

(42) 

where 

^ = C-^- (43) 

We shall now provide expressions for the two algebraic invariants associ- 
ated to the electric and magnetic parts of the Weyl tensor, namely 

Q = H«Ei, L = E%Ei - H%Hl (44) 

As it turns out, the invariant Q vanishes identically; i.e.: 

Q = (45) 
whereas the first non- vanishing order in L is 1/r 6 and one then has: 



3(cc u + Mf + (c 3 + QP)c uu + QN(c eu + 2c u cot 0)1 + 0(l/r 7 ) (46) 



4 Discussion 

We are now ready to try to answer to the main questions which motivated 
this work, in the context of the Bondi metric, namely: 

• What consequences do emerge from the vanishing of the magnetic part 
of the Weyl tensor? 
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• What consequences do emerge from the vanishing of the electric part 
of the Weyl tensor? 

• How do different types of fields (radiative, non radiative but time de- 
pendent, and static ) enter into the electric and magnetic part of the 
Weyl tensor, and into the corresponding invariants? 

• Why does gravitational radiation produce vorticity? 

Let us start with the first question. If we put Hp = then it follows from 
the coefficient of 1/r in (30) that 

c du sin 9 + 2c u cos 9 = (47) 

which according to (19) and (20) implies 

c u = 0. (48) 

Thus the field is non-radiative. Next, the vanishing of the coefficient 1/r 2 in 
(30) implies in turn that 

M e = N u = 0, (49) 

where we have used (9). 

Finally from the vanishing of the coefficient of the 1/r 3 in (30) it follows 
that 

N ee sin 2 9 + N e sin 9 cos 9 - N cos 29 - (2cM sin 2 9) e = (50) 
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whose general solution is 




2cM 



dO + a sin 6 



(51) 



sin 6 



where a is a constant. 



Feeding back (51) into (7) and using (48), it follows that 



C u = 0. 



(52) 



It can be easily checked that no further information can be obtained from 
(31-34). Therefore up to order 1/r 3 in 7, the metric is static, and the mass, 
the "dipole" (N) and the "quadrupole" (C) moments correspond to a satic 
situation. However, the time dependence might enter through coefficients of 
higher order in 7, giving rise to what Bondi calls "non-natural non-radiative 
moving system" (nnnrms). In this later case, the system keeps the three 
first moments independent of time, but allows for time dependence of higher 
moments. As unlikely as this situation may be from the physical point of 
view, we were not able not rule it out mathematically. On the other hand it is 
known that static space-times are purely electric. Accordingly, we conclude 
that, exluding nnnrms, the necessary and sufficient condition for a Bondi 
metric to be purely electric is to be static. 

The second question has a simple answer. Indeed assuming E% = and 
using regularity conditions, we find from the coefficient of order 1/r in (37) 



0, 



(53) 
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then, it follows at once from (36) that M — 0. If we exclude the possibility 
of negative masses, then the spacetime must be Minkowski, giving further 
support to the conjecture that there are no purely magnetic vaccum space- 
times [9]. 

The third question has also a simple answer. The electric part contains all 
kinds of contributions, radiative, non-radiative but time dependent (nrtd), 
and static. At order 1/r only radiative contributions appear, whereas nrtd 
terms appear at order 1/r 2 , and higher and contributions from the static 
field enter in the 1/r 3 order, and higher. However the magnetic part does 
not contain contribution from the static field. Only radiative (at order 1/r 
and higher) and nrtd terms (at order 1/r 2 and higher) appear. 

On the other hand, the only non-vanishing invariant (L) has a leading 
term of order 1/r 6 implying that purely radiative and nrtd terms in the Weyl 
tensor do not contribute to L. This is in agreement with the fact that for 
purely radiative spacetimes, both invariants Q and L vanish [8] 

Finally, let us consider the last question. With this purpose in mind, it 
is worth recalling a result obtained by Bonnor [23] concerning the dragging 
of inertial frames by a charged magnetic dipole. To explain the appearance 
of vorticity in such space-times, Bonnor notices that the corresponding elec- 
tromagnetic Poynting vector has a non-vanishing component, describing a 
flow of electromagnetic energy round in circles where frame-dragging occurs 
[29]. He then suggests that such a flow of energy affects inertial frames by 
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producing vorticity of congruences of particles, relative to the compass of 
inertia. 

One could speculate about a similar mechanism in our case, i.e. a flow 
of gravitational radiation in the <p direction. However for testing such a 
conjecture we should have available a unique expression for a "gravitational" 
Poynting vector, which is still an open question in general relativity. 

Thus for example, the super-Poynting vector based on the Bel-Robisnson 
tensor, as defined in [15], is 

P a = e^sE^H^u 5 (54) 

giving in our case P^ = 0. However, besides the ambiguity problem in the 
definition of energy, this negative result may be caused by the reflection 
symmetry of the Bondi metric, which intuitively seems to be incompatible 
with the presence of a circular flow of energy in the direction. In order to 
clarify this situation, P^ should be calculated for the general radiative metric 
without reflection symmetry [30], but this of course is out of the scope of the 
present work. 
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